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The second order susceptibilities of B, Q, and S charges, χ11ij , are calculated in the CMF model
and compared to the available lattice QCD data. It is found that the susceptibilities are very
sensitive to the short range repulsive interactions between different hadron species, especially to the
not so well constrained hardcore repulsion of hyperons. A decrease of the hyperons size, as compared
to the non-strange baryons, significantly improves the agreement of the CMF model results with the
Lattice QCD data. The electric charge dependent susceptibilities are sensitive on the short range
repulsive volume of mesons. Our comparison with lattice QCD data suggests that strange baryons,
non-strange mesons and strange mesons have significantly smaller hardcore volume than non-strange
baryons. With the modified hadron volumes in the model, a mainly hadronic description of the QCD
susceptibilities is possible significantly above the chiral pseudo-critical temperature. The improved
CMF model, based on the lattice QCD data, has been used to study the properties of cold QCD
matter and neutron star matter. While the phase structure is essentially unchanged, i.e. the chiral
phase transition occurs only at low temperatures (TCP ≈ 17 MeV), hyperons survive deconfinement
to higher densities than non-strange hadrons. The neutron star mass-radius diagram is only modified
slightly due to the appearance of hyperons and still is in agreement with astrophysical observations.
I. INTRODUCTION
The study of the properties of hot and dense strongly
interacting matter is an active area of research for some
decades with main focus on the phase structure of the
matter created in ultra relativistic heavy-ion collisions
and dense compressed matter in neutron stars (NS).
Experimental facilities like the Large Hadron Collider
(LHC) at CERN and Relativistic Heavy Ion Collider
(RHIC) at BNL have already given us a lot of infor-
mation about hot and dense strongly interacting mat-
ter. Upcoming experimental programs like the Facility
for Anti-Proton and Ion Research (FAIR) and Nuclotron-
based Ion Collider fAcility (NICA) will help us to have
a better understanding of the properties of such mat-
ter. In spite of extensive theoretical and experimental
research, the current understanding of phase structure of
strongly interacting matter is far from complete. Lat-
tice QCD calculations show that at high temperatures
and vanishing chemical potential, the chiral transition
and transition from confined hadronic matter to decon-
fined quark matter occurs as a crossover [1, 2]. On the
other hand, at low temperatures and high chemical po-
tentials, effective model studies suggest that a phase tran-
sition [3, 4] could be realized. This suggests a possible
existence of a Critical End Point (CEP) in the phase
diagram of QCD. For the extension of lattice QCD re-
sults to finite chemical potentials one often relies on a
Taylor expansion with the expansion coefficients being
related to the conserved charge susceptibilities [5]. Al-
ternatively, a continuation from imaginary chemical po-
tentials is employed [6–8]. These methods are necessary
as the fermion sign problem prohibits direct calculations
at finite baryon chemical potentials. In connecting the
QCD thermodynamics at vanishing chemical potentials
with the phase structure at finite chemical potentials,
these susceptibilities can serve as very important indi-
cators of the validity of effective models and hence the
effective (quasi-)particle interactions employed in these
models. In particular the susceptibilities have proven to
be very sensitive to any density dependent repulsive in-
teractions (see e.g. [9, 10]). QCD gives rise to a rich
spectrum of hadronic states with an even richer set of
reciprocal interactions. Though some attempts are made
to extract the properties of these interactions directly
from scattering data [11–14], calculations of the thermo-
dynamic properties of strongly interacting hadronic mat-
ter is mostly based on phenomenological considerations.
In this paper we intend to show how the second order
conserved charge susceptibilities calculated on the lat-
tice can be used to extract some features of the hadronic
repulsive interactions. Furthermore, these results can be
used to understand the role and effect of these interac-
tions on the structure of the QCD phase diagram and on
neutron star properties.
The paper is organised as follows. In the next section II
we discuss, in some amount of detail, the CMF model. In
section III we compare the CMF results of fluctuations
and correlations with the lattice data. Section IV is de-
voted to studying the phase structure at low and high
densities. In subsection IV C we study the β-equilibrated
ultra-high density matter and the structure of neutron
stars. Finally in section V we summarise our results.
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2II. CHIRAL MEAN FIELD MODEL
The Chiral SU(3)-flavor parity-doublet Polyakov-loop
quark-hadron mean-field model (or the CMF model) de-
scribes strongly interacting matter composed of hadrons
and quarks. The CMF model allows to calculate the
equation of state (EOS) of QCD matter at wide range of
temperatures and densities. It incorporates major con-
cepts of QCD phenomenology: chiral interactions in the
baryon octet [15], the full PDG hadron list [16], excluded
volume repulsive interactions among all hadrons [17, 18],
baryon parity doubling [19], and quarks coupled to an ef-
fective Polyakov loop Potential (similar to the Polyakov
Nambu Jona-Lasinio model [20]). The chiral Lagrangian
describes the attraction and repulsion among the ground
state octet baryons. The attraction is carried by the non-
strange σ and the strange ζ scalar fields which represent
the respective chiral condensates in mean field approxi-
mation. The resulting Lagrangian LB then reads
LB =
∑
i
(B¯ii∂/Bi) +
∑
i
(
B¯im
∗
iBi
)
+
∑
i
(
B¯iγµ(gωiω
µ + gρiρ
µ + gφiφ
µ)Bi
)
. (1)
The effective masses of the baryons (assuming isospin
symmetry for their masses) read
m∗i± =
√[
(g
(1)
σi σ + g
(1)
ζi ζ)
2 + (m0 + nsms)2
]
± g(2)σi σ ± g(2)ζi ζ , (2)
where the various coupling constants g
(j)
i are determined
by nuclear matter properties as well as vacuum masses
and a SU(3) breaking mass term that generates an ex-
plicit mass corresponding to the strangeness ns of the
baryon is added. The repulsion is mediated by the vec-
tor meson fields: ω meson field provides repulsion at fi-
nite baryon densities, the ρ meson field provides repulsion
at finite isospin densities, and the φ vector meson field
generates repulsion when a finite strangeness density is
generated. The parity doubling assumes that the mass
splitting of the baryonic parity partners is generated by
the scalar mesonic fields σ and ζ [19, 21–23]. The cou-
pling constants of the hadronic sector and the parameters
of the effective potential for these fields (see [24] for de-
tails) are chosen such that properties of nuclear matter
are reproduced: ground state density n0 = 0.16 fm
−3,
binding energy per nucleon is E0/B = −15.2 MeV,
asymmetry energy S0 = 31.9 MeV, and compressibility
K0 = 267 MeV.
Quark degrees of freedom are treated similar to the
Polyakov-loop-extended Nambu Jona-Lasinio (PNJL)
model [20], where their thermal contribution is directly
coupled to the Polyakov Loop order parameter Φ [27].
The Polyakov-loop order parameter Φ effectively de-
scribes the gluon contribution to the thermodynamic po-
tential and is controlled by the temperature dependent
potential [27]:
UPol(Φ,Φ, T ) = −1
2
a(T )ΦΦ (3)
+b(T ) log
[
1− 6ΦΦ + 4(Φ3 + Φ3)− 3(ΦΦ)2
]
,
a(T ) = a0T
4 + a1T0T
3 + a2T
2
0 T
2,
b(T ) = b3T
4
0
The dynamical quark masses m∗i of the light and strange
quarks are also determined by the σ- and ζ- fields, with
the exception of a fixed mass term m0q, which can be
understood as the contribution of the gluon condensate
to the quark mass:
m∗q = −gqσσ + δmq +m0q ,
m∗s = −gsζζ + δms +m0q . (4)
The transition between the quark and hadronic degrees
of freedom is controlled by the two mechanisms 1:
1. As the Polyakov loop order parameter becomes fi-
nite, free quarks can appear.
2. Hadrons are suppressed in the deconfined phase due
to the excluded volume interactions.
The suppression of hadrons at high energy densities is
maintained by their excluded-volume hard core interac-
tions [17, 24]. Due to the assumption of a finite size the
hadrons are attributed an explicit volume term. This vol-
ume term then introduces an effective chemical potential
µeffj :
µeffj = µ
∗
j − vj P (5)
for each particle species j. Here, P is the pressure of
the system and the vj are the EV parameters for the
different particle species. Note that in the previous works
the CMF model assumed only 3 different values of vj ,
namely:
• vj = 1 fm3 for baryons;
• vj = 1/8 fm3 for mesons;
• vj = 0 fm3 for quarks.
Consequently, as soon as quarks contribute to the pres-
sure P , they reduce the hadronic density ρi by lowering
their chemical potential:
ρi =
ρidi (T, µ
∗
i − vi P )
1 +
∑
jHRG
vjρidj (T, µ
∗
j − vj P )
. (6)
In the current work specie dependent values of vj will be
introduced and the effects on the thermodynamic prop-
erties of the system will be studied.
In its default version, the CMF model predicts two first
order phase transitions for isospin symmetric matter.
The nuclear liquid-vapor phase transition mimics the
1 Note in an earlier version of the CMF model which does not in-
clude the chiral partners of the baryons, the deconfinement phase
transition is moderated by an additional Φ term in the effective
mass of the fermions [28]. Here the point-like hadrons are sup-
pressed by an explicitly µB dependent term in the Polyakov Loop
potential.
30.2
0.4
0.6
0.8
ffl
11 ij
3 · BB
vB = 1 fm
3, vM = 1=8 fm3, vMS = 1=8 fm3
QQ SS
100 150 200
T (MeV)
0.00
0.05
0.10
0.15
0.20
0.25
0.30
ffl
11 ij
3 · BQ
100 150 200
T (MeV)
−BS
vBS = 1 fm
3
vBS = 1=2 fm
3
vBS = 1=4 fm
3
vBS = 1=8 fm
3
LQCD, WB
LQCD, HotQCD
100 150 200 250
T (MeV)
QS
FIG. 1. Second order susceptibilities χ11ij as functions of temperature T for various excluded volume parameters of strange
baryons vBS. The predictions of the CMF model, solid lines, are compared with available results of lattice QCD calculations
by the Wuppertal-Budapest collaboration [25] and HotQCD collaborations [26], blue and green colorbands, respectively. All
susceptibilities related to the baryon number and strangeness show a strong sensitivity to the hyperon EV. The line which best
fits to the lattice data is presented in bold for vBS = 1/4 fm
3.
transition from dilute gas of nucleons to the dense nu-
clear matter, this transition is located at µB ≈ mN with
critical temperature TCP ≈ 17 MeV. At higher densities
the CMF model exhibits a first order phase transition
due to the chiral symmetry restoration among baryon
parity partners [24, 29] with rather low critical temper-
ature TCP ≈ 17 MeV. The transition occurs due to the
rapid drop in the chiral condensates σ and ζ so the mass
gap between parity partners is reduced.
The CMF model can be applied to study neutron stars
without changing its parameters. In this case, electric
charge neutrality and β-equilibrium are imposed so the
conditions of neutron star interior are fulfilled. To model
the NS crust, which presumably consist of mostly neu-
tron rich nuclei and clusters in equilibrium, an additional
input is needed. That is done by matching the classical
crust-EOS [30] to the CMF-EOS at nB ≈ 0.05 fm−3,
such that below this density the matter is described by
the crust EOS.
III. LATTICE DATA COMPARISON
Important information about the phase structure at van-
ishing and finite baryon density can be extracted from the
fluctuations and correlations of conserved charges which
are characterized by the susceptibilities [31], these quan-
tities are sensitive to the effective degrees of freedom and
their interactions. The critical regions of the QCD phase
diagram are characterized by a non-monotonic behavior
of these susceptibilities [32]. However, lattice results, for
vanishing chemical potentials, show a smooth transition
between two baselines, a non-interacting ideal Hadron
Resonance Gas (HRG) and weakly interacting quark-
gluon matter in the region of temperatures between 100-
250 MeV [1, 2]. From duality arguments it should be
possible to describe this transition, up to a certain point,
in terms of a strongly interacting gas of hadronic de-
grees of freedom. Such a study is usually carried out by
phenomenological models where the effective degrees of
freedom and their interactions are given as input.
Here we employ an effective hadron-quark model, the
CMF, which already incorporates a smooth transition
between hadrons and quarks. First, different second or-
der susceptibilities of conserved charges are calculated
within the CMF model and a comparison with avail-
able lattice data is presented. This is done to highlight
the importance of different repulsive interactions for non-
strange and strange baryons and mesons on the extracted
susceptibilities. Thermal model analysis of experimen-
tal hadron yields already provides indications that fla-
vor dependent interactions in the EV-HRG are impor-
tant to describe the transition region properly [33]. This
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FIG. 2. The same as Fig. 1, but for various excluded volume parameters of mesons vM and strange mesons vMS. The line which
best fits to the lattice data is presented in bold for vM = 1/2 fm
3 and vMS = 1/4 fm
3. The EV parameter of strange baryons
is fixed to vBS = 1/4 fm
3 as the best result from Fig. 1. The predictions of the CMF model, solid lines, are compared with
available results of lattice QCD calculations by the Wuppertal-Budapest collaboration [25] and HotQCD collaborations [26],
blue and green colorbands, respectively. The electric charge susceptibilities show a particular strong dependence on the meson
EV. Only the baryon-electric charge correlation appears to be insensitive.
idea was then further extended by a brief analysis of
LQCD on susceptibilities in Ref. [34]. The results in-
dicated that susceptibilities which involve the baryon B
and strange S charges are sensitive to the repulsive inter-
actions amongst strange hadrons. Using the CMF model
we can study how the LQCD data can be described by
a proper modelling of the repulsive short range interac-
tions represented by the effective excluded volume sizes
of the hadrons.
The conserved charges susceptibilities are related to the
Taylor series expansion, in powers of baryon, electric,
and strange chemical potentials, µB , µQ, and µS , of the
thermodynamic pressure of matter at vanishing chemical
potentials [5]. The pressure expansion to finite chemical
potentials takes the form:
P = P0 + T
4
∑
i,j,k
1
i!j!k!
χi,j,kB,Q,S
(µB
T
)i (µQ
T
)j (µS
T
)k
,
(7)
where P0 is the pressure at vanishing chemical potentials,
and χi,j,kB,Q,S are conserved charge susceptibilities which
are defined as:
χi,j,kB,Q,S =
∂i∂j∂kP (T, µB , µQ, µS)/T
4
∂ (µB/T )
i
∂ (µQ/T )
j
∂ (µS/T )
k
. (8)
We limit the study only to second order derivatives of the
QCD pressure which already provides sufficient informa-
tion to extract the hierarchy of EV sizes in the baryonic,
strange, and mesonic sectors of hadronic matter.
Throughout all following results we assume that the size
of non-strange baryons is fixed to the size of the nu-
cleon vB = 1 fm
3. This value is found to be in agree-
ment with the microscopical quantum nuclear interac-
tions of nucleons and is also supported by the analysis
of LQCD data [14]. In the first step, the sensitivity
of the susceptibilities on the strange baryon size is pre-
sented. The values of strange baryon sizes are varied as
vBS = 1, 1/2, 1/4, 1/8 fm
3. The volume of mesons here is
initially fixed to 1/8 fm3 as in Ref. [24, 27] and will be
varied later.
The resulting second order susceptibilities are presented
in Fig. 1. As expected, the BB, SS, BS susceptibilities
show a strong sensitivity to the size of strange baryons in
the temperature range 150 < T < 250 MeV, which can
be considered as the transition region between hadrons
and quarks. A decrease of the strange baryon size, to
vBS = 1/4 fm
3, allows a reasonable description of the
BB, SS, and BS susceptibilities.
The susceptibilities which involve the electric charge,
however, show much less sensitivity to the strange baryon
volume. Since a large fraction of the electric charge is
carried by mesons, a change in the meson EV parameter
5should affect the electric charge susceptibilities. To study
the susceptibilities which involve the electric charge, we
vary the EV parameters for strange vMS and non-strange
vM mesons while vB = 1 fm
3 and vBS = 1/4 fm
3 are fixed
as a result of the comparison presented in Fig. 1. The
results are presented in Fig. 2 where four combinations
of meson volumes are compared, vM = vMS = 1/8 fm
3
as in the default version of the CMF, vM = vMS = 1/4
fm3, vM = vMS = 1/2 fm
3, and vM = 1/2 fm
3 vMS = 1/4
fm3. From these parameterizations the last one, which
assumes a larger volume for non-strange mesons appears
to describe the lattice data best.
Consequently, the parameterization with vB = 1 fm
3,
vBS = 1/4 fm
3, vM = 1/2 fm
3, vMS = 1/4 fm
3 provides a
much improved agreement with LQCD data for the sec-
ond order BB, QQ, SS, BS, QS, susceptibilities. Only
the BQ susceptibility appears to be unaffected by all EV
parameterizations studied above. Since the BQ combi-
nation is sensitive to the baryon charge correlations we
conjecture that the BQ susceptibility can be better de-
scribed by a change of the EV parameters of the ∆- and
N∗-baryons. This would require one or more additional
parameters related to the ∆ and N∗ repulsive interac-
tions, supporting the scenario of a unique EV parameter
for every hadron, which are however, mainly unknown.
Such a picture seems reasonable and it would introduce
a whole plethora of new parameters which allows for the
description of even higher orders of LQCD susceptibili-
ties.
IV. CONSEQUENCES OF THE MODIFIED
EXCLUDED VOLUMES
As discussed above, with the introduction of hadron
species dependent repulsive interactions one can obtain a
very good description of lattice QCD data essentially up
to arbitrary order. Such a procedure however poses the
question what conclusions can be drawn. Instead of try-
ing to understand and justify every parameter it is more
convenient to study the sensitivity of the CMF model
predictions for the high density matter on these param-
eters. In the following we will discuss how the modified
EV parameters change the phase structure of the model
and the equation of state for dense nuclear and neutron
star matter. There are three scenarios for the state of the
QCD matter which will be discussed in the following:
1. Iso-spin Symmetric matter : Here one assumes that
up and down quarks (as well as protons and neu-
trons) are equally abundant. This scenario is of-
ten studied when one refers to the ’QCD-phase
diagram’. In particular we will assume that the
strange chemical potential µS = 0 vanishes which
can lead to a finite net strangeness.
2. The EOS for Heavy Ion Collisions: This state
of matter is close to iso-spin symmetric matter,
but obeys an additional constraint of zero net
strangeness. This type of matter is created in heavy
ion collisions at various beam energies where net
strangeness is conserved.
3. Neutron star matter : Neutron stars are cold com-
pact stellar objects which are composed of QCD
matter in β-equilibrium and in local charge neu-
trality. There at low densities neutrons are much
more abundant then protons and strangeness is not
conserved, i.e. µS = 0. The densities in the NS
interiors surpass several times nuclear saturation
density. The description of such matter is essen-
tial for the calculations of neutron star properties
and stands as a benchmark for QCD phenomenol-
ogy for a region in the QCD phase diagram which
is not accessible by LQCD methods or heavy ion
collisions.
A. Phase structure of Iso-spin Symmetric matter
The interactions in the CMF model provide a reason-
able description of the nuclear ground state properties,
such as binding energy, compressibility, asymmetry en-
ergy and the slope parameter [27]. The changes of the
EV parameters introduced in previous section do not al-
low hyperons to appear at below and slightly higher than
nuclear saturation density. As shown in Fig. 3 the prop-
erties of the nuclear ground state are not affected by the
change of EV parameters. The figure shows the energy
per baryon ε/nB at T = 0 for isospin symmetric matter
as function of the order parameter, the chiral condensate
σ/σ0. After a density of nB ≈ 0.5 fm−3 the parameteri-
zations start to deviate for different values of the hyperon
EV parameter (at T = 0 mesons are not excited and the
meson Bose condensation is not included in our calcula-
tions). The non-monotonic behaviour of the energy per
baryon indicates the presence of a phase transition with a
meta-stable state. Note that even though a meta-stable
state with a small energy barrier is created, no absolutely
stable state of matter can be generated by the appear-
ance of the hyperons.
The effect of the modified EV parameters on the phase
structure is also depicted in figure 4. Here we show the
net baryon density nB as a function of the baryon chem-
ical potential µB for T = 0 and iso-spin symmetric mat-
ter. To better illustrate the position of the first order
transition, a Maxwell construction between two coexist-
ing phases was done. For the default version of the CMF
a very weak chiral phase transition appears at µCB ≈ 1400
MeV, with a critical endpoint at TCP ≈ 17 MeV. As the
volume of the hyperons is decreased, this transition gets
slightly stronger, i.e. the latent heat and jump in density
is increased and at the same time the critical chemical
potential is increased. It was checked that the value of
critical temperature (temperature of the chiral critical
point) is not significantly affected by the change of inter-
action parameters. Thus, the general characteristics of
the phase structure, i.e. a critical endpoint at a very low
temperature, is not changed.
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FIG. 3. Energy per baryon ε/nB as a function of the chiral
condensate σ/σ0 for T = 0, isospin symmetric nuclear mat-
ter. Four different parameterizations of the strange baryon
excluded volume vBS = 1, 1/2, 1/4, 1/8 fm
3 are presented.
While the nuclear ground-state properties are unchanged, a
second minimum in the energy per baryon located at smaller
values of the chiral condensate, indicating the chiral phase
transition, is sensitive to the EV parameterization. This sec-
ond minimum signals a metastable state of chirally restored
matter.
For the standard CMF parameterization, as discussed in
Refs. [18, 24, 27], the matter at T = 0 (assuming µS = 0)
is only composed of nucleons and their parity partners
while heavier hadrons as hyperons are suppressed by the
interactions. This is a result of the EV interactions in
the CMF model where hadrons become suppressed at
high densities as a result of their repulsive hard core in-
teractions allowing the quarks to become the dominant
degree of freedom in the medium. The strength of the
suppression depends on the repulsive coefficient, i.e. the
EV parameter. The smaller the value of this parameter,
the more of the hadrons will be present as the energy
density is increased. If the EV coefficient of the strange
baryons is smaller than that for the non-strange baryons
then the strange baryons will survive to higher energy
densities.
This allows a distinct type of matter to emerge prior the
transition to the quark matter. In this scenario hyper-
onic matter appears as an additional intermediate stage
in the transition between hadronic and quark matter.
Moreover, this type of matter emerges as a meta-stable
state of the phase transition, allowing for the appearance
of exotic meta-stable strange forms of matter [35–39].
In figure 5 the strangeness per baryon fS = −(nS/nB)
as a function of the baryon density for T = 0 iso-spin
symmetric matter is presented. The four scenarios of
the hyperonic volume are located within the purple band
which covers the possible range of fS for vBS = 1/8–1
fm3. The dashed lines correspond to the fraction of fS
which stems from the hyperons. Since in the scenario
with vBS = 1 fm
3 all strangeness is carried by the s-
quark, the blue dashed line constantly stays at zero. As
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FIG. 4. Baryon density nB as a function of baryon chemical
potential µB for T = 0 isospin symmetric nuclear matter for
four different parameterizations of strange baryon excluded
volume vBS = 1, 1/2, 1/4, 1/8 fm
3. Note that no additional
phase transition appears while the chiral transition is shifted
to higher values of baryon chemical potential.
the EV of the strange hadrons is decreased the fraction of
hyperonic matter is increased significantly. At the den-
sity around nB ≈ 1.5–2 fm−3 The hyperons start to be
suppressed, this is a result of EV suppression when the
free quarks create significant contribution to the total
system pressure. At very high densities, nB ≈ 20 fm−3,
strangeness fraction fS for all parameterizations coincide,
this is where the pure quark matter is produced and all
hadrons are completely suppressed. However, a super-
rich strange state fS > 1 is never produced by multi-
strange baryons and the strangeness fraction increases
continuously from 0 to 1 which is also the limit for a free
gas for three quark flavors.
As the meta-stable states observed in figure 3 appear
for systems below the critical temperature of TCP ≈ 17
MeV, states of hyperon rich matter may survive here for
an extended time. It is questionable whether such a cold
and dense environment could be created in heavy ion
collisions, however in neutron stars and their mergers this
scenario appears feasible.
B. The EOS for Heavy Ion collisions
Effects of the different EV parameterizations may be ob-
servable in the late stages of heavy ion collisions. The
change in the repulsive properties leads to different ther-
modynamical properties of the system at the chemical
freeze-out which potentially can be measured through
the final particle yields. The chemical freeze-out con-
ditions depend on the energy of the nuclear collision,
which allows experiments to probe various regions of the
QCD phase diagram experimentally. Since the bulk evo-
lution, at any given beam energy, is well characterized by
the produced entropy per baryon, the mapping between
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FIG. 5. Strangeness fraction fS as a function of baryon den-
sity nB for T = 0 isospin symmetric nuclear matter. The
band illustrates the range of values due to varying the hy-
peron EV parameter in range vBS = 1/8–1 fm
3. The hyperon
contribution to strangeness fraction is illustrated by dashed
lines. Note, no additional phase transition or a state of bound
hyperon matter appear.
the collision energy and the expansion path through the
phase diagram can be done by the chemical composition
of hadrons after the chemical freeze-out [40–42]. For sim-
plicity we use the so-called freeze-out line for our com-
parison. Through the measured chemical composition
of particles this line provides a mapping of the collision
energy
√
sNN with temperature T and baryon chemical
potential µB at the chemical freeze-out. Here the chem-
ical freeze-out curve from Ref. [43] is used.
As the strangeness-baryon cross susceptibility χ11BS is par-
ticularly sensitive to the strange hadron EV-parameter,
we estimate the values of χ11BS along the freeze-out line
for 4 different values of vBS. Figure 6 depicts the result-
ing susceptibilities compared with those obtained from
the well known HRG results. Since the chemical freeze-
out occurs when matter is sufficiently dilute, only modest
effects of the EV interactions are observed. 2
The matter at the studied freeze-out scenario does not
produce such significant sensitivity to the EV parameters
as the lattice QCD data. In addition, for a meaningful
comparison of measured susceptibilities with our model
calculation, some elaborate simulations, taking into ac-
count effects of the finite size and lifetime of the system,
would be necessary. Thus we can conclude that at van-
ishing baryon densities the LQCD data is a better bench-
mark to probe hadronic interactions. Still the verification
2 A more elaborate scenario for chemical freeze-out which im-
plies two or more separate freeze-out points for strange and non-
strange particles finds that strange hadrons could freeze-out at
10-15 MeV higher temperatures than the light hadrons at the
highest collision energies [44, 45]. A strange freeze-out at these
higher temperatures could provide stronger signals of different
EV interaction schemes.
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FIG. 6. Collision energy dependence of baryon-strangeness
second order susceptibility χ11BS estimated in the CMF model
along the chemical freeze-out curve of Ref. [43] for zero net-
strangeness isospin-symmetric matter.
of these interactions and the resulting phase structure
at high densities should be tested carefully with heavy
ion collisions in the high density regime. In addition nu-
clear astrophysics offers an alternative venue through the
study of neutron star properties.
C. Neutron stars
Observations of neutron stars provide another way of
probing the equation of state of cold and dense nuclear
and possible deconfined quark matter. The CMF model,
in its default parameterization, already gives a satisfac-
tory description of the properties of static neutron stars,
in particular the mass-radius relation and the tidal de-
formability [27]. The mass-radius relation is obtained by
solving the Tolmann-Oppenheimer-Volkoff (TOV) equa-
tion [46, 47] which uses the equation of state as input and
provides density and pressure profiles of the NS. A solu-
tion of TOV equation relates the central density to the
NS mass and radius. The densities in NS interiors can
reach several times nuclear saturation density n0. This
allows the presence of quark cores in the interior of the
stars [48–55]. These cases are not yet verified and to
be tested in future by measurements of NS masses and
radii with NICER X-ray telescope [56, 57], and by the
next generation GW detectors [58, 59]. However, even in
the hadronic part of the EOS the chemical composition
is not well known. The assumptions of a β-equilibrium
imply that at densities close to n0 the matter is domi-
nated by neutrons and that the charge of the small ad-
mixture of protons is compensated by same number of
electrons. With the increase of density heavier hadronic
states should appear. The implications of the hyperon
appearance on the NS properties is actively discussed un-
der the title of ”hyperon puzzle”, (for a review refer to
Ref. [60]), and trace back to the 1960s [61].
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FIG. 7. Particle composition by the CMF model for T = 0 matter in β-equilibrium. Particle densities ni over the baryon
density nB are presented as functions of baryon density. Four plots correspond to four different parameterizations of strange
baryon excluded volume vBS = 1, 1/2, 1/4, 1/8 fm
3. Electrons and baryons from the groundstate octet are presented by solid
lines, quarks – by dotted lines, octet parity partners – by dot-dashed lines.
When the hyperons are treated on the same level as the
non-strange baryons, i.e. vSB = vB, the hyperons in the
CMF model are suppressed by both their higher masses
and the EV interactions, such that they do not appear
in neutron stars [27]. In this case the hadronic part of
the NS is only composed of nucleons and their parity
partners.
This scenario changes as the EV-parameter of the hyper-
ons is reduced. The chemical composition for neutron
star matter is shown as a function of the baryon den-
sity in Fig. 7. The non-strange baryon EV parameter
is again fixed to vB = 1 fm
3 and the EV parameter of
strange baryons is varied to vBS = 1, 1/2, 1/4, 1/8 fm
3.
The decrease of the hyperon repulsion allows Λ-baryons
and their parity partners Λ(1405) to populate NS mat-
ter, while the other heavier hyperons are suppressed due
to their higher mass. The threshold for the appearance
of the Λ is nB ≈ 0.3− 0.4 fm−3 (for all values of vBS ex-
cept the largest), which is below the density of the chiral
phase transition of the CMF model. Interestingly, the lo-
cation of the chiral transition is sensitive to vBS as well.
For the values of vBS = 1 fm
3 and 1/2 fm3 it is located
at nB ≈ 0.6 fm−3, but for vBS = 1/4 fm3 it is shifted
to a higher density of nB ≈ 0.8 fm−3, and is located at
nB ≈ 1 fm−3 for vBS = 1/8 fm3. At the chiral transition,
the parity partners start to appear and Λ(1405) enhances
the strangeness fraction similarly to the groundstate Λ.
A smaller repulsion in the strange baryon sector, allows
the hyperons to make up a significant fraction of the den-
sity. If the repulsion among the strange particles is 8
times smaller than among non-strange, as illustrated in
Fig. 7 for vBS = 1/8 fm
3, then hyperons can survive
up to extreme densities of 10 fm−3 and even more. At
these densities quarks are the dominant degrees of free-
dom. However this type of matter is distinct from the
quark matter due to the small admixture of the strange
hadrons.
The appearance of the additional degrees of freedom (hy-
perons) also leads to a softening of the EOS and this
inevitably changes the properties of neutron stars. To
illustrate the change of the EOS, Fig. 8 shows the pres-
sure P of the the CMF calculations as a function of the
baryon chemical potential µB compared to the results
of pQCD calculations [63]. The appearance of the ad-
ditional degrees of freedom at a given value of chemi-
cal potential produces additional pressure. For the val-
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FIG. 8. The ratio of charge neutral CMF matter pressure
P at T = 0 in β-equilibrium, P , to the Stefan-Boltzmann
limit for pressure of massless 3-flavor gas of quarks, PSB.
Lines correspond to four different excluded volume param-
eters of strange baryons. The respective particle content is
illustrated in Fig. 7. The yellow colorband illustrates param-
eterization [62] of state-of-the-art three-loop pQCD calcula-
tions for pressure of cold quark matter in β-equilibrium [63].
ues vBS = 1/4, 1/8 fm
3 a significant increase in P/PSB
is observed. This is a result of the sudden appearance
and subsequent suppression of hyperons in the EOS. For
vBS = 1/8 fm
3 the increase reaches the borders of the
pQCD bands of confidence suggesting that it can be con-
sidered as an absolute lower bound for vBS. However, all
the parameterizations fit within the band and merge into
one line at the region of chemical potentials µB > 3500
MeV where the pQCD calculation become precise and
bands are narrow, there the baryon densities are extreme
with nB > 20 fm
3. At these values of µB , as predicted by
the CMF model, the matter is composed of free quarks
without admixtures of hadrons, however these too ex-
treme densities are not expected to be achieved in any
physical scenario. At the lower values of the chemical
potential the pQCD bands permit various scenarios of
hadron-quark interactions as shown by the CMF results.
Here the cold matter EOS possibly could be constrained
by the properties of neutron stars.
These drastic differences which appear due to the varia-
tion of vBS will change the properties of neutron stars.
Figure 9 depicts the mass-radius relations3, for the EOS
parameterizations discussed above. The appearance of
additional degrees of freedom and resulting softening of
the EOS decreases the maximal mass of the NS families.
However this mass reduction is only on the level of 5%
from ≈ 2.15M to ≈ 2.05M. The differences appear
only in the high mass region because the hyperons mod-
ify the EOS at high densities which can be reached only
3 The numerical solutions were obtained using the TOV solver
of [64].
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FIG. 9. The CMF mass-radius diagrams for four different ex-
cluded volume parameters of strange baryons. The respective
particle content is illustrated in Fig. 7. Note that the appear-
ance of numerous strange baryons only slightly changes the
mass-radius diagram, substantially affecting only the unstable
branch of the solutions.
in the most massive stars. In mergers of neutron stars
however, larger densities and finite temperatures can be
reached. It would be, therefore, worthwhile to study the
effects of the hyperonic repulsion in simulations of neu-
tron star mergers. Such simulations however are very
complex and computationally demanding and out of the
scope of the current paper.
V. SUMMARY AND CONCLUSIONS
It was shown how the change of hadronic species depen-
dent repulsive interactions, namely, a decrease of the ex-
cluded volume parameter vi, leads to an improved de-
scription of lattice data on the second order susceptibili-
ties χ11ij .
The structure of the conserved charge susceptibilities in
the transition region of QCD can be reflected in the
complex structure of hadronic interactions. Since the
hadronic interactions appear to drive the susceptibilities
towards the values of a free gas of quarks, it is not pos-
sible to define a sharp transition point at which quark
degrees of freedom ’appear’ and hadrons ’disappear’ us-
ing the susceptibilities alone.
Our results show that the hard core repulsive inter-
actions with hyperons is systematically lower, with a
smaller hard-core radius than for non-strange baryons.
Also mesons appear to have a smaller effective size than
baryons. This provides the following hierarchy in repul-
sive interactions: non-strange baryons are more repul-
sive than non-strange mesons, and strange baryons with
strange mesons are the least repulsive. These results can
be further improved by attributing a single repulsive pa-
rameter for each hadron specie. It is expected that the
found hierarchy will take place in this case too.
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Even if the interaction parameters between the hadrons
are changed to better match the lattice QCD results, the
phase structure at large baryon densities remains essen-
tially unchanged. The critical end-point of the chiral
transition therefore appears out of reach of heavy ion ex-
periments.
The properties of neutron stars are weakly influenced by
the hyperonic interactions, since they only appear at the
highest densities and admixture already significant quark
fraction. Consequently, the properties of neutron stars
and the properties of the QCD phase transition seem to
be dominated by the non-strange baryon degrees of free-
dom. The existence and location of the QCD phase tran-
sition is, therefore, constrained much strongly by neutron
star observations and nuclear matter properties than by
lattice QCD results.
The present analysis suggests that the non-strange
baryons have an EV parameter vB = 1 fm
3, the non-
strange mesons volume is vM = 1/2 fm
3, and strange
baryons and mesons are less repulsive and have an EV
parameter of vBS = vMS = 1/4 fm
3. Since the excluded
volume mechanism provides the suppression of hadrons
at high energy densities, in the CMF model, the reduc-
tion of the strange baryon EV parameter means that hy-
perons will be less suppressed at higher energy densities
than non-strange hadrons.
Our study implies that the most stringent constraints for
the high density QCD equation of state can only come
from neutron star mergers or heavy ion collisions. Here,
the densities reached, surpass those of cold neutron
stars and the finite temperature allow the excitation of
mesonic as well as the hyperonic degrees of freedom.
The CMF model provides a unique framework which can
be used in simulations of neutron star mergers as well
as heavy ion collisions and provides the link between
these high density physical systems and lattice QCD
calculations.
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